
Analysis of Pressure Fluctuations in a Gas-Solid Fluidized Bed 

Periodic fluctuations of pressure can be observed in a normally 
operated gas-solid fluidized bed, and the dominant frequency of 
such fluctuations has been studied by several investigators (Hiby, 
1967; Lirag and Littman, 1971; Baird and Klein, 1973; Verloop and 
Heertjes, 1974; Goossens, 1975; Canada et al., 1978; Fan et al., 
1981). This note proposes a new dynamic model, which is based 
on the assumption that fluctuations of the bed height are affected 
by both the present and time-delayed fluctuations of the gas flow 
rate through the distributor. According to the present model, the 
dominant frequency of pressure fluctuations in a fluidized bed 
corresponds to the marginal frequency of bed instability. 

DYNAMiC MODELING OF A GAS-SOLID FLUIDIZED BED 

The schematic diagram of the fluidized-bed system is shown in 
Figure 1 with relevant physical parameters indicated. The x- 
coordinate is the distance upward from the distributor plate. 

The following assumptions are made to derive the dynamic 
equations of the bed. 

(i) The rising velocity of a bubble, Ub, is given by 

Ub = ub 4- (uo - U m f )  (1) 

where U b  is the rising velocity of the bubble at the minimum 
fluidizing condition 

(ii) The bubble residence time, T ,  is implicitly related to the 
rising velocity of a bubble as 

L = J T  Ub(t’)dt’ (2) 

where L is the height of the bed at any time t .  
(iii) The bubble holdup, G ,  can be obtained from the bubble 

residence time and the gas flow rate through the distributor as 
follows: 

Based on the above assumptions, the total mass of the solid par- 
ticles can be expressed as 

M s  = (LA - G)pmj = const. (4) 
It follows that 

where it is assumed that the bulk density of the dense phase of the 
bed is equal to that at the minimum fluidizing condition. 

The momentum balance equation of the bed, as derived by 
Pigford and Baron (1965), is 
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If we consider only the mean motion along the bed height and as- 
sume that the inertia force due to the fluid motion is negligible, Eq. 
6 can be rewritten as 

D,U, dP 
Dt dX 

p,(l - €) - = - - - PA1 - €)g (7) 

Upon integrating this equation with respect to x from 0 to L and 
expressing the resultant lefthand side of the equation in terms of 
the center of mass, L ,  we have 

(yg= ( P B  - P , )  - k)g 
With the assumption that the void fraction, 6, varies with time but 
not with position, we can write 

L = 2 i  (9) 

Introducing Eq. 9 into Eq. 8, we have 

-t 

x =o 

hi , Pi 

Figure 1. Schemalic diagram of lhe gas-solid fluidized bed. 
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then, with 

FB -Pa = k)g 
we obtain 

Combination of Eqs. 1 ,2 ,5  and 12 gives the relationship between 
the superficial gas velocity at the distributor plate, U,(t), and the 
pressure at the bottom of the bed, P&). Under the assumption that 
the fluctuations of gas velocity and bubble residence time are 
sufficiently small compared with the time average ones, the re- 
sultant relationship simplifies to 

dt 

The pressure at the bottom of the bed, P B ( ~ ) ,  and that in the 
plenum, Pc( t ) ,  can be related to the gas velocity through the dis- 
tributor, U,(t) ,  as follows (Moritomi eta]., 1980): 

(i) P C ( t )  - Pidt) = K D  uE(t) (14) 

and 

(ii) v, dP,O = (PfUf)Ai - pcAU,(t) (15) dt  
From Eqs. 13, 14 and 15, we obtain 

d t 2  

= -(Go - Umf)Vc - M s  - d 3 T ( t )  + (P,UI)Ai (16) 0 2A d t 3  
This equation characterizes the dynamics of a gas-solid fluidized 
bed in terms of pertinent parameters including both the internal 
noise in the bed and the external noise in the gas supply line. 
Equation 16 indicates that the residence time fluctuations induced 
by the deformation and coalescence of gas bubbles can initiate the 
oscillation of the fluidized bed even when the external noise in the 
gas supply line is absent. 

Transfer Function 

The superficial gas velocity at the distributor plate, U,(t), and 
the bubble residence time, T( t ) ,  can be decomposed into its time 
average and fluctuating components, respectively, i.e., 

(17) 

Introducing Eq. 17 into Eq. 16 and 13 and assuming that no ex- 
ternal noise exists in the gas supply line, we obtain, respectively, 

I U o ( t )  = Do + Ub(t) 
T ( t )  = T + T ’ ( t )  

and 

for the fluctuating component. 

Taking the Laplace transform of Eqs. 18 and 19, we have, re- 
spectively, 

Equation 22 indicates that the characteristics of the pressure 
fluctuations at the bottom of the bed can be inferred from those 
of the bubble residence time. For example, the intensity of pressure 
fluctuations at the bottom of the bed 

m 
can be obtained by considering the Fourier transform version of 
Eq. 22 and then by taking the inverse Fourier transform of the 
resultant power spectrum, i.e., 

G(iw)G*(jw)FIT’(t))F*( T’(t)Jdw] ’” (24) 

where F(T’( t ) ]  is the Fourier transform of the residence time 
fluctuations and * denotes its complex conjugate. Equation 24 
shows that the intensity of the pressure fluctuations induced by the 
fluctuations of bubble residence time is proportional to 

and depends on the product 

Fluidized Bed Instability 

For the special case of T’(t) = 0, Eq. 20 reduces to 

where 

p = L  
2PA2T2 V C M ,  I 

The fluidized bed is unstable if the roots of Eq. 25 for shave positive 
real parts. In other words, the bed instability depends on the 
magnitudes of two parameters, a and p, in Eq. 25. In what follows 
only the frequency at the threshold of instability or the frequency, 
which induces an infinite gain in Eq. 23, is discussed. 

Let us sets = j w  in Eq. 25, at which the bed oscillates with the 
frequency off = w/2a. Equating separately the real and imagi- 
nary parts of Eq. 25 to zero yields, respectively, 
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-w2(1 - cosoT) + 
2 n e - ' K ~ A  -w sinwT + ( M ,  ) = 0 

Examination of Eq. 28 shows that a positive real root of w that is 
physically realizable exists only when 

2m7r (2m + 1) 
- = - < W < - - = - - ?  

T T 
m = 0,1,2,. . 

while no such constraints need to be imposed on the roots of Eq. 
27. 

All the parameters in both Eqs. 27 and 28 are fixed for a given 
operating condition. Therefore, solving these equations for K D , ,  
we see that Eq. 25 holds only when 

= (*) d ( 3 )  { 1 - (%)I ' 

k = 1,2,3,. . . . (30) 

where wk is the kth root of Eq. 27. 
Observation of the motion of solid particles has indicated that 

a portion of the solid particles at the bottom of the bed tends to 
accumulate on the distributor and block the holes on it (see, e.g., 
Briens et al., 1980). This means that the value of K D  in Eq. 28 is not 
fixed but varies appreciably during fluidization. We shall, however, 
assume that K D  does not vary arbitrarily but varies according to 
Eq. 30. Then, Eq. 27, subject to the constraints of Eq. 29, gives rise 
to the frequency at the threshold of instability of the bed, which 
induces the infinite gain in Eq. 23. 

Equation 30 shows that angular frequency, w1, corresponding 
to the limiting condition of K D  = 0, is inversely proportional to the 
square root of L,f, i.e., 

This relation implies that the kinetic energy of particles and the 
pressure work at the bottom of the bed are in equilibrium. Equation 
31 is essentially identical to that of Moritomi et al. (1980) and 
similar to that of Wong and Baird (1971). 

DISCUSSION 

Experiment ally Determined Amplitude of Pressure Fluctuations 

The amplitudes of pressure fluctuations in the gas-solid fluidized 
bed were measured by several investigators, e.g., Lirag and Littman 
(1971) and Fan et al. (1981). Their experimentalresults are plotted 
in Figure 2 against a new parameter, ( M S / 2 A )  (U,  - U,j), derived 
in the present work (Eq. 24). Notice that the measured amplitudes 
in these experiments are roughly proportional to this parameter 
independent of the size of solid particles. 

Experimentally Determined Frequency of Oscillation 

Equation 27 indicates that the freq_uency of oscillation depends 
on the_mean bubble residence time, T, the average plenum pres- 
sure, P,, the plenum volume, u,, the column cross-sectional area, 
A ,  and the bed mass, M,. These parameters, except the mean 
bubble residence time, are directly measurable without difficulty. 
The mean bubble residence time cannot be easily determined, 
because the average fising velocity of a bubble at the minimum 
fluidizing condition, U b ,  cannot be directly measured. 

Assume that U b  may be estimated from (Davidson and Harri- 
son, 1963) 

Further assume that the maximum gas bubble diameter, D,,, 
is given by (Mori and Wen, 1975) 
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Figure 2. Experimentally determinKd amplitudes vs. a new parameter ( M s l  
2 A ) ( &  - 'Jrnt). 

D,, = 0.652{A(U0 - Urnf)I2/5 (33) 
Then, the mean bubble residence time, T ,  can be estimated from 
Eq. 5 as 

- M  
T = S = L , f  - (34) 

P n l f A G  ubm 

To compare the proposed model with experimental data on 
fluidized-bed fluctuations, the dimensionless parameters, 0 and 
[, are defined as 

(35) 

Then, Eqs. 27 and 29 can be rewritten, respectively, as 

ey1- costf) - [2 = o (36) 

(37) 
This set of relationsinips between 0 and [ is indicated by a series of 
discontinuous solid lines in Figure 3. The experimental data of the 
dominant frequencies obtained by several investigators are plotted 
in the same figure. One or more of the parameters needed in this 
plot, for example, the plenum volume, v,, and the ratio of the gas 
velocity to the minimum fluidizing velocity, Uo/Urn,, were not 
available. Therefore, they have been estimated approximately. 

Most of the data in Figure 3 appear to satisfy Eq. 36 reasonably 
well. Verloop and Heertjes (1974) have shown that the dominant 
frequency does not monotonously decrease with an increase in the 
bed height (Figure 2 of their work). A careful examination reveals 
that the dominant frequency appears to increase or jump abruptly 
at some bed height. This abrupt jump in the dominant frequency 
can be explained by the discontinuity in Eq. 36. Goossens (1975) 
has pointed out that the difference in particle sizes also affects the 
dependency of frequency on the bed height; it is reasonable to 
assume that large particles may satisfy Eq. 36 in the range of 0 < 
0 < 7r while small particles do in the range of 27r < 0 < 37r. Figure 
3 also includes the experimental results of Wong and Baird (19c )  
for the pulsed fluidized beds. In their experiments, however, U, 
for such a bed is sometimes less than U,f. Such cases are excluded. 
For small particles, the data by Wong and Baird (1971) seem to 
satisfy Eq. 36. The correlations based on their piston model and 
those by Moritomi et al. (1980) are also shown in Figure 3. Notice 
that, while the piston model can roughly estimate the dominant 
frequency, it cannot account for the occurrence of the apparent 

2m7r < 0 < (2m + l)a, m = 0,1,2,. . . 
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Figure 3. Plot of 6 against 5 according to Eqs. 36 and 37. 

abrupt jump in the dominant frequency. If we consider that the 
pressure fluctuations in the bed are induced by the bubble resi- 
dence time fluctuations, Figure 2, the dominant frequency of the 
pressure fluctuations can be interpreted as the frequency which 
induces the infinite gain in Eq. 23. Figure 3 appears to confirm this 
observation. 
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NOTATION 

A 
A{ 
D,, 
Dp 
f = dominant frequency, s-l 
G = bubble holdup, m3 
g = gravitational acceleration, m/sz 
K D  

L = bed height, m 
t 
Lmj 
M ,  
n =constant 
P = pressure, N/m2 
P g  = pressure at the bottom of the bed, N/m2 
P ,  = plenum pressure, N/m2 
Pi = gas inlet pressure, N/m2 
P ,  = ambient pressure, N/m2 
S = complex variable for Laplace transformation, s-l 

= column cross section, m2 
= gas inlet pipe cross section, m2 
= maximum bubble diameter, m 
= average particle diameter, m 

= pressure resistance coefficient of the distributor, N/ 
(m /s)n-m2 

= height of the center of mass, m 
= bed height at the minimum fluidizing condition, m 
= total particle mass, kg 

t = time 
T 
ub 
U h  
U h  

Uf 
U; 
Us 
U ,  
U,f 
v c  = plenum volume, m3 
X 

t = void fraction, dimensionless 

= bubble residence time, s 
= rising velocity of bubble, m/s 
= maximum rising velocity of bubble, m/s 
= rising velocity of bubble a t  the minimum fluidizing 

= linear velocity of fluid, m/s 
= inlet gas velocity, m/s 
= linear volocity of solids, m/s 
= superficial gas velocity through the distributor, m/s 
= minimum fluidizing velocity, m/s 

= upward distance from the distributor, m 

condition, m/s 

Greek Letters 

a,P,B = dimensionless variables defined by Eq. 26 
4 = dimensionless variable defined by Eq. 35 
pmf = bed density at the minimum fluidizing condition, 

pf = fluid density, kg/m3 
p, 
w 

k / m 3  

= density of solids, kg/m3 
= circular frequency (=27rf), s-l 

Superscripts 

- = time average 
= fluctuating component 
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